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Mode Conversion and Leaky-Wave Excitation at
Open-End Coupled-Microstrip Discontinuities

Joseph L. Cina and Lawrence Carin, Member, IEEE

Abstract-he method of moments (MoM) is used to study mode
conversion and leaky-wave excitation at an asymmetric coupled-
microstrip discontinuity y. The results show that significant mode
conversion can occur at such discontinuities and that dominant
leaky-wave modes can be excited strongly. Numerical issues with
regard to the MoM analysis of such dkcontinuities are addressed
as well, and for some examples it is shown that inclusion of
a complete-domain basis function for the leaky mode improves
numerical stability dramatically.

I. INTRODUCTION

oVER the last several years leaky modes supported by
planar transmission lines have been the subject of sig-

nificant interest [1]–[ 12], A transmission-line mode leaks
energy when it is a fast wave with respect to a wave or
mode supported by the surrounding medium. Since planar
transmission lines are usually fabricated on dielectric layer(s),
energy is often leaked into the layer(s) in the form of a
surface wave [1]–[6]; however, energy can also be leaked into
parallel-plate modes [7]–[ 10] and space waves [1]–[5], [9]. For
example, Oliner [3] has shown that all higher-order microstrip
modes are leaky over some frequency range, with energy

leaked in the form of surface and space waves; similarly,
Boukamp and Jansen [7] have shown that over appropriate
frequencies higher-order modes supported by microstrip with
a top cover leak energy in the form of parallel-plate modes
(the leakage over appropriate frequencies associated with these
particular higher-order modes is a general property of all
higher-order planar-transmission-line modes). Additionally, it

has been demonstrated that several structures support fun-
damental modes (characterized by no cutoff frequency and
often referred to as “quasi-TEM’) which are leaky over
appropriate frequencies, e.g., slot line [1], [8], [9], microstrip
on a properly oriented uniaxial anisotropic substrate [6],
coplanar-strip waveguide [1], [9], and broad-side coupled
microstrip [1O].

Most of the previous studies of leaky modes supported by
planar transmission lines have been two dimensional in nature.
with an emphasis on calculating the complex wavenumber and
the transverse field profile; there has been little work on the
effects of such leaky modes on practical three-dimensional
planar circuits [13]. Recently the finite difference time domain
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method has been used to investigate the leakage-induced

distortion of pulses propagating on transmission lines which

support leaky modes [12]. However, we are not aware of
any previous work on the effects of leaky-mode excitation at
transmission-line discontinuities; this is the topic of the present
paper. In particular, we investigate the excitation of zero-
cutoff-frequency leaky transmission-line modes at open-circuit
coupled-microstrip discontinuities.

A spectral-domain MoM [13]–[16] analysis is applied to
model discontinuities involving coupled microstrip lines in a

structure with a top cover. Such discontinuities have been

studied [14] in the context of microstrip filters, where a

spectral-domain MoM analysis was applied, However, that
study considered boxed (shielded) microstrip and therefore did
not consider the effects of leaky-wave excitation. Further, since
that study focused primarily on the scattering parameters of the
filter, mode conversion at coupled-microstrip discontinuities
was not addressed. Mode conversion has been investigated

by Jackson [16] using the MoM for the case of coplanar
waveguide terminated in a short and open circuit; however,
that study also did not address the excitation of leaky modes.

Although discontinuity-induced leaky-mode excitation has not

been investigated directly in these previous studies, it has
been addressed indirectly since, from the above discussion, all
higher-order transmission-line modes excited are leaky over
some frequency range. However, these modes usually damp
strongly and therefore only affect currents in the immediate
vicinity of the discontinuity (they excite surface waves, space

waves, and/or parallel-plate modes which originate near the

discontinuity and propagate power into the surrounding me-
dia, away from the discontinuity). Here we emphasize the
excitation of leaky fundamental transmission-line modes, for
which the rate of leakage is often substantially weaker than
for higher-order modes,

The explicit problem considered is represented schemati-
cally in Fig. 1; a single even (longitudinal currents are the
same on each strip) coupled-microstrip mode is incident upon
an asymmetric open-circuit discontinuity and we investigate
the scattered currents. It is well known that an IV-conductor
transmission line supports N– 1 zero-cutoff-frequency modes
and therefore the structure we have selected supports three
fundamental modes (see Fig. 2). Under appropriate conditions
one or more of these modes can be leaky [10], and we
address the excitation of such modes at the discontinuity. This
work is similar to that of Jackson [16] in that we address
discontinuity-induced mode conversion in over-moded planar
transmission lines; however, our work differs significantly in
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Fig. 1. Schematic of coupled rnicrostrip terminated in an asymmetric
open-circuit dkcontinuity. The scattering problem is analyzed using a
Method of Moments (MoM) algorithm in which the fundamental modes
are expanded in terms of sern-infinite basis functions (BF) which extend
over z c (— m, O]. Piecewise sinusoidal (PWS) sub sectional basis functions
are used in the vicinity of the discontinuity to account for the excitation of
higher-order coupled-microstrip modes.
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Fig. 2. Cross-sectional view of a coupled-microstrip transmission line with
a top cover. The top cover, ground plane, and dielectric substrate are assumed
in the analysis to be of infinite transverse extent.

that we consider situations in which mode conversion occurs
into one or more fundamental modes which are leaky. In

addition to this phenomenological issue, we also demonstrate

that these modes may impact the numerical stability of the
MoM algorithm.

The remainder of the paper is organized as follows. The
numerical procedure used to model the discontinuity is re-
viewed in Section II; although the MoM analysis of such
discontinuities is well known, we mention briefly several
important issues relevant in the consideration of leaky-wave

excitation. In Section III, results are presented which demon-
strate that significant mode conversion can take place at
coupled-microstrip discontinuities, and highlight the excitation
of leaky fundamental modes. Conclusions and implications of
this work are addressed in Section IV.

II. ANALYSIS

For the discontinuity in Fig. 1, we apply a spectral-domain
MoM analysis similar to that developed by Jackson and Pozar
[13]. Only the longitudinal component of current is considered
since the transverse component is negligible for the line widths

and frequencies of interest here.
The longitudinal current density is expanded in two types

of basis functions [13]–[ 16]: 1) semi-infinite complete-domain
basis functions representing the single incident mode and
the multiple reflected fundamental modes, and 2) piece-wise

sinusoidal (PWS) subsectional basis functions in the vicinity of

the discontinuity (see Fig. 1). The PWS basis functions model

the complicated current density around the discontinuity, and

therefore they account for higher-order (in general, highly

leaky) transmission-line-mode excitation.

The longitudinal variation of the semi-infinite basis fhnc-
tions is represented by exp (yi,z)U(-z), where ~1 = –j(?] for
the incident mode (an exp (jwt) time dependence is asswmed
and suppressed), ~i = j~i + ai for each of the three reflected

fundamental modes (al = O), U(z) = 1 for z > 0, and

U(z) = O for z < 0. The wavenumbers yi for the three

fundamental modes supported by the coupled microstrip are

calculated via a standard two-dimensional spectral-domain

MoM analysis, with proper deformation of the spectral inte-
gration path for the leaky modes [9]. In that analysis a single
basis function ~(z – z.) = {1 – [2(z – xC)/w]2}-l/2 is

used to represent the transverse (z) variation of the current,
where w is the strip width and XC locates the strip center;
this transverse variation of the longitudinal current density
models the edge singularity and is included as well in all basis

functions applied to analyze the discontinuity. The unknown

basis-function coefficients for the reflected modes and the PWS

are determined using a Galerkin testing procedure [13]–[ 16].

In our MoM analysis, the expansion and testing functions

are expressed in the spectral domain. Because the excitation
of leaky fundamental transmission-line modes is an important
new aspect of the present paper, we demonstrate how such
modes are modeled by semi-infinite basis functions. Assuming
the wavenumber ~ = jifl + a (~ > 0 and Q > O),
basis function’s longitudinal variation for propagation in
– z direction is expressed as

exp [(j/3+ CY)Z]U(-Z) = exp (CXZ)[COS(@z)

+ j sin (/32) ]U(-z)

where as discussed in [13] it is convenient to represent

the
the

(1)

the

basis function in terms of real trigonometric functions. For an
arbitrary function g(z) we define the transform pair

—-./”g(z) exp (jkZz) d.z (2)
—m

and from simple residue calculus

exp (dz) cos (~z)U(–z) H

1

[

1 1

~ kz+p–jfl
+

kz–p–ja’ 1
(3)

where the integration path in the Icz plane is along the real

axis, with a similar result for exp (CW)sin (/3z) U(–z). For
nonleaky modes (~ =0) the semi-infinite sinusoidal basis
functions introduce poles along the real kz axis, and for

leaky modes these poles become complex and reside in the
upper half of the complex plane. In the evaluation of the

spectral-domain integrals required for the elements of the
MoM matrix, the integral in the immediate vicinity of real-
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Fig. 3. Reflection coefficient magnitude as a function of frequency for
a microstrip open-circuit discontinuity, Parameters: &r = 9.6, dielectric
thickness d = 0.6 mm, and strip width w = 0.6.

axis poles (associated with surface-wave poles in the spectral
Green’s function and nonleaky transmission-line-mode poles
in the spectral-domain basis functions) is evaluated using
residue calculus [17], [18], while the remainder of the integral
is evaluated via Gauss–Legendre numerical integration. Thus,
for the consideration of leaky-wave excitation only a rela-

tively minor change is required to previous MoM procedures
[13]-[16].

III. RESULTS

We are not aware of any previous results for an isolated
coupled-microstnp discontinuity but have made extensive tests
with previous results for the open-circuit microstrip disconti-
nuity [13], [19], [20], an example of which is shown in Fig.

3 for dielectric constant CT = 9.6, strip width w = 0.6 mm,
and dielectric thickness d = 0.6 mm. In our calculations two

semi-infinite basis functions were applied (one each for the
incident and reflected microstrip mode) and PWS basis func-

tions were used in the vicinity of the discontinuity to model
the effects of all other modes excited. The computer code
used to calculate these results, which are in close agreement
with those of Zhang and Mei [19], was also applied for all
coupled-microstrip discontinuities considered below (with the
modifications discussed in Section II).

To demonstrate mode conversion and leaky-mode excitation
at an open-circuit coupled-microstrip discontinuity, we con-
sider the following operating conditions (see Fig. 2): frequency

~ = 2.55 GHz (wavelength J = 11.76 cm), strip width w/)1=

0.034, strip separation s/A = 0.068, dielectric thickness d/A =
0.034, and dielectric constant ~. = 2.55. As shown below, by
varying the cover height h we consider different scattering
phenomena at the discontinuity. In Section III-A we consider
an example for which the top cover is distant from the strips
and semi-infinite basis functions are only used for the zero-
cutoff-frequency modes that would be present in the absence
of the top conductor. However, in subsequent examples,
considered in Section III-B, the top cover is brought close to

the strips; in these cases we use semi-infinite basis functions
for all fundamental modes, since now the effects of the top
cover have a significant impact on the discontinuity. For such
cases one or more of these fundamental modes have been
found to be leaky [10], and therefore these examples allow us
to examine the excitation strengths of leaky transmission-line
modes at realistic discontinuities.
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Fig. 4. Relative excitation power P/P~nC of the even (El) and odd (0)
conpled-microstrip modes dne to the incidence of mode El (incident power
P~nC) upon the discontinuity in Fig, 1. Also shown is the total power reflected
in the form of the even and odd modes (E 1 + O). Operating condhions (see
Fig. 2): frequency ~ = 2.55 GHz (wavelength A = 11.76 cm), w/A = 0.034,
s/A = 0.068, d/A = 0.034, h/,4 = 0.17, and 67 = 2.55.

A. Mode Conversion

Our first example corresponds to a situation in which the

top cover is distant from the strips (h = 5d) and therefore

provides minimal perturbation to the fields in the strip vicinity.
Thus, although there are N = 4 conductors, there are only two
zero-cutoff-frequency modes of importance: the even and odd
coupled-microstrip modes, each of which is perturbed weakly
by the presence of the top cover. The third mode (referred to
as mode E2) corresponds to the parallel-plate mode—which
is weakly perturbed by the presence of the strips-and is

associated more with the top and bottom conductors than

with the strips (the justification for excluding this mode in the

complete-domain basis function expansion is discussed further

in Section III-C).
The even coupled-microstrip mode (mode El) is assumed

incident on the open-circuit discontinuity and we examine the
relative excitation strengths of the even and odd (mode O)
modes. As mentioned above, the first step in the numerical

procedure is to solve a two-dimensional problem for the
modal wavenumbers, which for the geometry considered here

are ,L?.Ve~/kO = 1.47 and ~,A~/kO = 1.37 (for this case

both modes are nonleaky and therefore have purely real
wavenumbers). Although modes E 1 and O are nonleaky,
this example allows us to examine their relative excitation

strengths at the asymmetric open-circuit discontinuity in Fig.
1 and will provide a vantage point for comparison when the
excitation of fundamental leaky modes is considered below.
The excitation strengths of modes El and O are shown in Fig.
4 as a function of the length extension L/Ag, where ~gj~ =

1.43 is the guide wavelength of an isolated microstrip line of

width w in the same inhomogeneous parallel-plate waveguide.
From simple transmission-line theory, we anticipate that for

L/~, = 0.25 the input impedance at z = O for the extended
strip is approximately that of a short circuit while the input
impedance on the other strip is close to an open. Thus, for
this length extension the reflected current density on the two
strips should be of nearly opposite polarity and thus the odd
mode should be excited strongly; the same arguments apply
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for L/Ag x 0.75. However, when L = O the symmetry of the
discontinuity precludes excitation of the odd mode: this also

leads to the anticipation that the odd mode will be excited

weakly for L/Jg x 0.5. This simple theory explains the
oscillatory numerical results as a function of L/Ag for the
excitation strengths of the odd and even modes. However,
the situation in the actual scattering problem is much more
complicated than in the simplified transmission-line model (the
discontinuities are not perfect open circuits, the transmission
lines should actually be described by coupled transmission-
Iine theory rather than by isolated lines, etc.), and therefore
the lengths L/Ag computed in the numerical calculations are
shifted slightly from the values anticipated from the simplified
theory.

We see from Fig. 4 that the total power reflected in the
form of modes El and O is less than the power in the incident
mode. This power loss is attributed to parallel-plate-mode
excitation [13] at the end of the discontinuity: the parallel-
plate modes so excited travel away from the discontinuity in
the form of cylindrical wavefronts. Analogous effects have
been demonstrated by Harokopus et al. [21] for the case of

an open structure (no top cover). for which space waves and
surface waves are excited.

B. Leaky Wave Excitation

We next consider scenarios for which the top cover in Fig. 2
is brought relatively close to the strips. Because the cover plays
a significant role in these cases, all three fundamental modes
are expanded by semi-infinite basis functions. Perhaps of more
importance, it has been shown in a previous publication that

if the cover height is made low enough the fundamental

modes can become leaky [10]. Thus, these examples give an
opportunity to examine the excitation strengths of fundamental
leaky modes at realistic discontinuities.

We consider cover heights in the range h/A = 0.042 to
hi~ = 0.068, and the wavenumbers for the three correspond-
ing fundamental modes are plotted in Fig. 5. For these cover
heights one of the even modes (mode El) is never leaky,

the other even mode (mode E2) is always leaky, and the odd
mode (mode O) is leaky for some cover heights and nonleaky
for others. The schematic field profiles in Fig, 6 indicate that

modes E 1 and O are respectively the even and odd coupled-

microstrip modes perturbed by the presence of the top cover
(the two modes considered in Section III-A), and mode E2
is the parallel-plate mode perturbed by the presence of the
two strips. These schematic field profiles have been confirmed
numerically and have been plotted in Fig. 6 only in the vicinity
of the strips; the fields of the leaky modes do not vanish as
one moves along the transverse direction away from the strips
but rather grow exponentially [1O].

As in Section III-A, mode E 1 is assumed incident upon
the discontinuity, and we investigate the excitation strengths
of all the fundamental modes (E 1, E2, and O). Results are
shown in Fig. 7 for the case in which the cover height is
h/A = 0.0552 and the amplitude of mode O is normalized by
the factor (ZO/Z, )~/2, where Z, = 1020 and ZO = 75!2
are the characteristic impedances [22], [23] of modes E 1
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FIg 5 Wavenumbers for the three zero-cutoff-frequency modes supported
by the structure in Fig. 2 for frequency f = 2.55 GHz (wavelength A = 11.76
cm), u~/A = 0.034, .5/)i = 0.068, d/A = 0.034, and s, = 2.55. Also shown
(dashed) is the wavenumber of the parallel-plate mode. (a) Rest part c,f the
wavenumber, (b) Imaginary part of the wavenumber.

and O, respectively; we do not normalize the amplitude of

mode E2 since it is leaky and a meaningful characteristic

impedance cannot be defined for such a mode. However, the
cross-sectional dependence of the current densities for modes
E 1 and E2 have similar form and therefore their relative
amplitudes do reflect meaningfully on their relative excitation
strengths. As in Fig. 4, the odd mode is not excitedl for
L = O and is weakly excited for L/,Xg x 0.6, with strong

excitation for L/Ag H 0.35. However, for values of L for

which El was excited strongly in Fig. 4, both modes El

and E2 are excited strongly (in fact, E2 is actually excited

more strongly than E 1 for many values of L). Since for

this cover height modes El and O are nonleaky while mode
E2 leaks strongly, at sufficient distances from z = O only
modes El and O will be present on the strips since all the
energy in mode E2 will have leaked away (see Section III-C
below).

The final example we consider is for a cover height h/A =

0,051 (Fig. 8) for which both modes E2 and O are leaky. In

this case mode E2 is excited even more strongly than mode
El was in Fig. 7, and the odd mode is also excited strongly
where expected from Figs. 4 and 7. In Fig. 8 none of the modal

amplitudes are normalized with respect to modal characteristic
impedance since both modes E2 and O are leaky. However,
the modal current densities for the three modes are similar,
except that for the even modes the strip current densities have
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Fig, 6, Schematic electric-field plots for the three fundamental modes (two
even modes: El and E2, and one odd mode: O) supported by the structure in
Fig 2. The fields areplotted only in the vicinity of the strips; for the leaky
modes, the fields grow exponentially as one moves away from the strips in
tbe r-direction.
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Fig. 7. Magnitude of modes El, E2, and O excited at the asymmetric
coupled-microstrip discontinuity in Fig. 1. The geometrical parameters are
as in Fig. 4, except that h/A = 0.0552.

even polarity while mode O has odd polarity. Thus, the relative
excitation strengths in Fig. 8 should be meaningful.

C. Importance of Mode E2 and Namerical-,Stability Issues

As indicated in Fig. 5, mode E2 is leaky for the cover
heights considered in Figs. 7 and 8. Thus, at a sufficient

distance from the discontinuity mode E2 will contribute neg-
ligibly to the total strip current, with this distance determined
by the rate of leakage. Therefore, in principle the currents

lR1’”2~

-0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
LO.,

Fig. 8. Magnitude of modes El, E2, and O excited at the asymmetric
coupled-rmcrostrip discontinmty in Fig. 1. The geometrical parameters are
as in Fig, 4, except that k/A = 0.0.51

Fig. 9.
currents
Pm to

o

Piece-wise sinusoidat (PWS) basis functions used to model the
excited by the discontinuity in Fig. 7 for the case L = O, using
represent mode E2.

from mode E2 could be represented by a finite number of
PWS which extend over the region for which its currents
are appreciable. Such an analysis would be analogous to the
procedure used for the calculations in Fig. 4, for which semi-

infinite basis functions were only used for the fundamental

modes which would be present in the absence of the top

conductor, However, if the rate of leakage for mode E2 is

small one may require a large number of PWS, increasing the
size of the MoM matrix and possibly compromising numerical
stability. This issue is addressed by reconsidering the example
in Fig. 7, but now semi-infinite basis functions are only
included for modes El and O. The contributions from the
PWS are plotted in Fig. 10 for this example, and it is seen

that collectively they correspond approximately to a damped

sine wave; the wavelength of which is close to that of mode
E2. Unfortunately these calculations tended to be unstable and
unreliable (as a function of the number of PWS expansion

functions used), especially the results for mode El. As a
contrast, we plot in Fig. 10 the PWS associated with the
calculations in Fig. 7, in which semi-infinite basis functions
were used for all three fundamental modes; it can be seen that
for this case the PWS contribution decays rapidly compared
to Fig. 9. More importantly, the calculations in Fig. 7 were
found to be very stable numerically.

Returning to the results in Fig. 4, the above discussion
demonstrates that the accuracy of those results does not hinge

upon the assumption that a complete-domain basis function
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n

Fig. 10. Piece-wise sinnsoldal (PWS) basis functions used to model the
currents excited by the discontinuity in Fig, 7 for the case L = O, using
a sern-infinite basis function to model mode E2.

can be excluded for mode E2 (as it was for that example).
If this assumption were invalid, the PWS basis functions
would attempt to model the currents associated with the
excluded mode and, based on our experience, the numerical
results would tend to be unstable, However, the high level of
numerical stability we witnessed in computing the results in
Fig. 4—along with the fact that, for that example, the PWS

modes decayed quickly away from the discontinuity—give us

confidence that our original assumption with regard to the
exclusion of a semi-infinite basis function for mode E2 was
appropriate (in this case mode E2 is accounted for by the
Pws).

IV. CONCLUSION

A spectral-domain MoM algorithm has been used to inves-

tigate asymmetric coupled-microstrip discontinuities. Several
examples were considered as a function of cover height. In all
cases the asymmetry of the discontinuity introduced significant
mode conversion; e.g., for particular examples the reflected

power was represented almost entirely in the form of an odd
mode, despite the fact that the incident mode was even.

For cases in which the top cover was close to the strips, at
least one of the zero-cutoff-frequency modes was leaky. This,
for the first time, allowed an examination of the excitation
strength of leaky modes at realistic planar-circuit disconti-
nuities. By examining the excitation strength of the modal

currents, it was shown that for many cases the leaky mode(s)
can be excited more strongly than the nonleaky modes. The
energy of such leaky modes is eventually converted into

parallel-plate modes which leak away from the transmission
line. If not accounted for, such leakage may cause significant
cross talk, undermining circuit performance.

In addition to the phenomenological issues discussed above,
this study also afforded an opportunity to examine the effects
of leaky-wave excitation on the conventional spectral-domain
MoM analysis of planar-circuit discontinuities. Since the leaky

modes only contribute significantly to the total strip current for
a finite distance from the diwontinuity, in principle they can
be represented by a finite number of PWS basis functions.
However, if the leakage rate is small, the PWS expansion
must extend for a significant distance from the discontinuity,
increasing the number of unknowns and deteriorating numer-
ical stability. Thus, for such cases, we have found that it is

more efficient-and the numerical results are more stabh-if

the weakly decaying leaky-mode currents are represented in
terms of complete-domain, semi-infinite basis functions.
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